arXiv:1501.05974v2 [hep-th] 29Jul2015 


Poincare Symmetry of the GZ-Model 

Martin SchaderQ 

Department of Physics, Rutgers, The State University of New Jersey, 

101 Warren Street, Newark, New Jersey - 07102, USA 

Daniel ZwanzigeiQ 

Physics Department, New York University, 

4 Washington Place, New York, NY 10003, USA 

Abstract: Due to internal symmetries of its ghost sector, the Poincare generators 
of the Gribov-Zwanziger (GZ) model are not unique. The model apparently has 
two linearly independent symmetric and conserved energy momentum tensors. We 
show that these energy-momentum tensors are physically equivalent and differ by 
unobservable conserved currents only. There is a single physical energy-momentum 
operator that is invariant under all symmetries of the ghost sector, including Becchi- 
Rouet-Stora-Tyutin (BRST). This resolves concerns about Poincare invariance raised 
by the explicit x-dependence of the BRST operator. The energy, momentum and 
angular momentum of physical states are well-defined quantities that vanish for the 
ground state of this theory. We obtain and discuss the physical Ward identities 
resulting from Poincare invariance. 

PACS numbers: 11.15.-q, 11.30.Cp, 12.38.Aw 


1. INTRODUCTION 

The GZ-theory is a non-perturbative approach to QCD that self-consistently accounts 
for infrared effects. The theory is defined by a local and renormalizable continuum action 
that depends on a dimensionful parameter 7, the Gribov mass. This model was originally 
proposed jl| to dynamically constrain a gauge theory to the first Gribov region Q and the 
gap equation that determines the value of the Gribov parameter 7, has become known as 


* mschaden@rutgers.edu 
1 dz2@nyu.edu 



2 


the “horizon condition”. In the value of 7 was related to the trace anomaly of the energy 
momentum tensor. 

The nilpotent BRST symmetry of the GZ-theory is manifestly broken by, for instance, 
the non-vanishing expectation value , 

( sd^ix) ) = 7 1/2 M + 0, I 1 - 1 ) 


where is one of the auxiliary ghost fields of the theory. If we assume the existence 
of a well-defined BRST charge Q B that effects the s-operation, {Q B ,u^ b } = sa)“ h , and a 
vacuum state |vac), the expectation value (vac|{Q_B, 9 /i w“ 6 (a;)}|vac) 7 ^ 0 formally implies 
that Q B \va,c) ^ 0. 

Compared to perturbative Faddeev-Popov theory, the GZ-model not only includes a large 
number of additional unphysical fields but also a large number of symmetries under which 
physical observables are required to be invariant. Since these symmetries (including BRST) 
and their breaking are not observable as multiplets of degenerate physical excitations, we 
called them phantom symmetries in S. F 0r —thence, t he charges o f sene of 
these phantom symmetries are given in Appendix [A] We refer the reader to the appendix 
of Q] for the definitions of the full set of phantom symmetry generators, 


tV {Qbi Qj\Ti Q+i Qu),ni Q a G,Qc>Q a NL,Q a 5 ,QR,,a,Qs ,[iai QE,fj,i/abi QF,fj,u abi Qu,^bi Qv,fib\ > 

(L2) 

of this model. For a review of earlier work, see 4], 

In [3] we reconstructed the physical states of the theory from the physical observables F, 


Wph ys = {F; [Q Xl F] = 0, for all Q x 6 ?}, (1.3) 


that commute with all phantom symmetry generators Qx- The expectation value of a 


functional F e W p hys 
With the hypothesis of 
value, 


ay this dehnition does not depend on the choice of vacuum state. 
3] that BRST-exact physical observables have vanishing expectation 


sF e W, 


phys 


(sF) = 0 


(1.4) 


BRST-exact physical states form a null-space, and GZ-theory provides a quantization of 
classical Yang-Mills theory. If this hypothesis holds, the spontaneous breaking of phantom 
symmetries is segregated from the physical sector. 
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However, the phantom symmetries allow the construction of a second linearly independent 
conserved symmetric tensor. It is composed of conserved Noether currents that correspond 
to a Poincare algebra of internal phantom symmetries. Since any linear combination of 
the two conserved symmetric tensors potentially is an EM-tensor, the definition of energy, 
momentum and angular momentum in this theory appears ambiguous. We shall see that 
this is not the case. Energy, momentum and angular momentum in fact operate uniquely 
on Wphys- Perhaps surprisingly, these generators are not the canonical ones of translations 
and rotations. 

When the horizon condition is fulfilled, all vacua of the model have the same energy 
and are degenerate. They break BRST and other phantom symmetries, but are physically 
equivalent and have vanishing momentum and angular momentum. In view of Eq. (II.ip 
this claim may appear preposterous. It holds because the canonical generators of unbroken 
translations, P /t , do not commute with the BRST-charge Qb of this model. Despite its 
spontaneously broken BRST-symmetry, the GZ-theory thus is remarkably consistent. 

This article is organized as follows. In the next section we introduce the GZ-model 
and fix notation. We discuss the horizon condition and BRST-symmetry of the theory. 
Sect. [3] examines the generators of translations and Euclidean rotations of the model and 
their relation to other generators and in particular BRST: in Sect. 13 Al we find that the 
canonical generators of space-time isometries do not commute with the BRST-charge Qb 
and other phantom charges of the model; the Poincare algebra that commutes with all 
generators of unphysical symmetries is found in Sect. 13 Bl and related to the canonical one; 
Sect. 13 Gl examines how space-time isometries transform physical states of the theory. The 
(conserved) energy-momentum tensor is discussed in Sect. [H We consider the physical 
energy momentum tensor of [3] in Sect. 14 Al and relate it to the energy momentum tensor 
of Belinfante in Sect. 14 Bl The difference between the two tensors is a symmetric tensor 
that is conserved up to equations of motion of unphysical fields only. Its expectation value 
vanishes due to the horizon condition. The energy-momentum and angular momentum Ward 
identities are derived in Sect. El and we show that they reduce to those of Faddeev-Popov 
theory for physical operators provided that the hypothesis of Eq. (II.4ft holds. In Sect. 15 Al 
we derive an alternate, but equivalent, form of the Ward identity by a different method and 
show that it too reduces to the physical one when the hypothesis holds. Sect. [6] summarizes 
and discusses our results. The phantom symmetry generators we use are compiled in App. [A] 
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and the energy-momentum tensor of Bclinfante of the GZ-theory is derived in App. [B] 


2. THE LOCAL GZ-ACTION AND SPONTANEOUSLY BROKEN BRST 


Q 


The GZ-model proposed in [1| is defined by the Euclidean continuum action, 


S= d d xC = / d d x(C YM + £ gf ) 


( 2 . 1 ) 


where £ YM = |( F'^u) 2 , with = d^A u — d v A^ + A^ x A v , is the gauge-invariant Yang- 
Mills Lagrangian with gauge potential A Here and in the following we suppress the gauge 
coupling constant and explicit adjoint color indices when possible. Associating upper Latin 
indices with color and lower Latin indices with ‘flavor’, we adopt the following notation 3., [5]: 
(A" x Y) a = gf abc X b Y c and (AxY) a = gf abc X b Y c . TrA = A“ is the diagonal trace of 
the matrix X. We also introduce a dot product X ■ Y = ^2 ab X b Y b that sums over color 
and, if applicable, flavor. The gauge covariant derivative of the adjoint representation in 
this notation is D^X = d^X + A^ x X. 

The local gauge-fixing part £ gf of the GZ-model is given by, 


£ xd^c • D^c T • F) d^ux^b • x (pi/b\ 

+ 7 1 / 2 Tr[£> A1 ((^ M - <fu) - (D^c) x - 7 d(N 2 - 1 ) . ( 2 . 2 ) 

The first two terms of £ gf are familiar from perturbative Faddeev-Popov theory in Landau 
gauge. The additional terms involve auxiliary fermionic and bosonic ghost fields (p : u>,u,(p. 
The nilpotent BRST-variation of the fields is given by, 


sA^ = D^c 
sc = b 


„. -CL . .CL 

S Ffib ~ 

+ i l/2x A 


sc = —| C X c 
sb = 0 

= 0 

s^b = 0 , 


(2.3) 


and £ gf formally is a BRST-exact extension of the Yang-Alills Lagrangian given by the 
gauge-fixing fermion T, 


£ gf = sty, with 'I' = id^c - + 'i.Av ■ D ll p u - 7 1 /2 Tr. 


(2.4) 
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The generator of BRST transformations corresponding to Eq. (|2.3[i is, 

5 


Qb = / d d x Tr 


(D,c) 


8A., 


, , 6 , 8 
{cxc) 'Tc + b 'Tc + ^ 


8 _ 5 1/Q 8 

+ ^'fe +7 x “ Tl - 


8y i 


Sujf, 

(2.5) 


Note that the inhomogeneous term proportional to x M in the BRST-variation of oj^ b in 
Eq. (12. 3 j) does not lead to an explicit coordinate dependence of £ gf in Eq. (12.2ft . because the 
gauge fermion T depends on and TrH^ x oj^ only. 

For 7 7 ^ 0, the inhomogenous transformation of u in Eq. (12.3ft implies that this BRST- 
symmetry of the theory is spontaneously brokenQ Requiring the effective action to be 
stationary with respect to 7 at vanishing quantum fields gives the ”horizon condition”, 

(Tr[D^(^ - <^ M ) - ^ x Dpc]) = 2~/ 1/2 d(N 2 - 1), (2.6) 

which is a gap equation that implicitly determines [l, 8 , 9| the Gribov mass 7 . Eq. (12. 6 p was 
originally [l| derived as a necessary condition for field configurations in Landau gauge to be 
dynamically constrained to the first Gribov region. The calculation of the trace anomaly 
in [ij] confirms that a non-vanishing positive value of 7 is energetically favored and that 
BRST in this model thus is spontaneously broken^ 

[The theory with 7 7 ^ 0 can be formally obtained from the theory with 7 = 0 by a shift 
of the bose ghost fields < p“ b (x) —> <p“ fe (a;) — and ^ b {x) —> </?“ b (a:) + 7 1 /, 2 x Al h^ js]. 

(The explicit x-dependence cancels out of the action.) In this way the shifted action inherits 
all the obvious symmetries of the unshifted action, which are otherwise not so easily found 
by inspection of the shifted action. (These symmetries are given in the appendix of js| .) 
However, once found, they are true and valid symmetries of the (shifted) action, Eq. (12.2ft . 
as one may verify by direct calculation, without introducing the unshifted action or the 
shift. The symmetries are transformations of fields within a Hilbert space, whereas the shift 
takes one to an orthogonal space. For this reason, in the present article, the shift and the 
unshifted fields make no appearance (outside this paragraph).] 

On a finite volume with periodic boimdary conditions for all fields, the transformation 
of Eq. (12.3p has to be modified since x^ is not a periodic function. This clarifies the spon¬ 
taneous breaking of the fermionic BRST-symmetry of this theory and gives a criterion for 

1 Another approach considers the same theory from the point of view of a different, explicitly broken, BRST 

symmetry 6|. The soft breaking of BRST has IjiTlen extended to include dimension two condensates 7]. 

2 To derive local Ward identities, it is sufficient 4| that the local generator 8 e = e(x)s exists and acts on 


the Lagrangian density according to S e C = jBRST,/t d M e. 
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determining whether the expectation value of a local BRST-exact functional vanishes in the 
thermodynamic limit. It was proven (ii]] that (sF) = 0 for a physical observable F with local 
support, if in the continuum limit 

lim \x\ d (F sTrD^ip^x)) = lim |x| d (F Tr + D^c x <^)(x)) = 0 , (2.7) 

|rr|—^oo |ir |—>-oo 

where d is the dimension of Euclidean space-time. This in particular generally holds if the 
correlation function of Eq. (12.71) is regular in momentum space at p 2 = 0. [The criterion of 
Eq. (12.71) in this sense expresses the requirement that the state F|vac) in canonical quantiza¬ 
tion does not couple to massless (Goldstone) excitations of the spontaneously broken BRST 
symmetry]. 

Remarkably, the criterion of Eq. (12.7ft for instance can be used to show js] that, 

0 = (s TrTyZy) = (Tr [D^ + u v x D^c}) + 7 1 / 2 (IV 2 - 1 )S flv , (2.8) 

when Eq. (12.61) is satished. Eq. (12.8ft will establish that the energy density of the vacuum 
is well defined. Together with Euclidean rotation symmetry, Eq. (12.8[) implies the stronger 
statement, 

(Tr [D^]) = -(Tr [D^ + u v x D^c]) = j 1/2 (N 2 - 1)8^, (2.9) 

when the horizon condition of Eq. (|2.6[) is satished. 

3. POINCARE SYMMETRY 

Although the theory has been continued to Euclidean space-time, we ignore the signature 
of the metric in most of the following and collectively refer to translations and S0(4)- 
rotations of Euclidean space-time as Poincare symmetries and the algebra of their generators 
as a Poincare algebra. 


A. Canonical Poincare Generators 


The canonical generators of translations, V u , of this model are, 


V v = 


d d x (V 


(3.1) 
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with the densities, 


& s & & & 

Pu = d v A il ■ —— + d v b ■ — + d v c ■ — + d v c ■ — + • — 

dA M do dc oc d^ 

, a S , a S , a - 5 

+<A 7 V • - 1 " • 7 -b • - 

^ dUn 


Suj„ 


(3.2) 


b^Pii uw /i 

Due to the interaction 7 1 / 2 Tr D^ip^ — (p^ in C g{ of Eq. (12.21) . the auxiliary ghost fields 
canonically transform as vectors under Euclidean rotations. The corresponding canonical 
angular momentum generators are, 

5 


Mpv = d x 


•Eupv T A p 


5A, ^ 


~[p>+* v], 


with 


5 5 5 _ 6 

5 LIU — <Pv • 77-1" tyv • --1“ ■ — -b w, 


&<p, 


LI dipfj, VLUfj, 


SuJn 


Suj,, 


The operators 7A and A in V are symmetries of the action, 


(3.3) 


(3.4) 


[V li ,S\ = [M x „S\=0. 


(3.5) 


and satisfy the commutation relations of a (Euclidean) Poincare algebra, 


[P/i, V v ] — 0 ; V v \ — b\ v Vn — b^Vx 

[Af A/ij Mar) — d\aM^r ~ b^ a M\ r ~ b\ r M^ a + b^ r M\ a - 


(3.6) 


Remarkably, the BRST-operator Qb of Eq. (12. 5 p does not commute with the canonical 
momentum operators V^ of this theory. We find that, 


5 


[Qb,VQ\ = 7 1/2 / d d x Tr— = 7 1/2 Q, 


1 


(3.7) 


where Q,jj 4l G $ is the charge of a phantom symmetry ( see Eq. (IA.5|) of Appendix [AJ. 
Jacobi’s identity implies that Eq. (II.ip can be written in the form, 


( ) = ( Wb, A,wi(i)]} ) = ( [V m {Q B ,ul b (x)}] ) + ( {[Qb,V„],u° *(x)} ) 

= (A. {Q B ,z: b (x)}}) + 7 l/ %*w, ( 3 . 8 ) 

where Eq. (13.71) was used to evaluate the last contribution. The fact that for 7 > 0, 
and Qb commute to a broken phantom symmetry already implies that the theory cannot 
be invariant under both , translations and BRST. 
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Unbroken invariance of an Euclidean field theory under a continuous symmetry generated 
by a hermitian bosonic charge (). is the statement that for any real parameter A and local 
functional F of the fields, 

(F) = (vac|F|vac) = (vac|e* AQ Fe _lAQ |vac) 

= <F}+iA([Q,G(A)]) 

with G(A) = F + i|[Q, F] - k[Q, [Q. F]] + ... . (3.9) 

This notion of an unbroken symmetry is readily extended to fermionic charges Q and a 
graded algebra by introducing anti-commuting Grassmann parameters A. With this exten¬ 
sion Eq. (13.9ft implies that, 

Q generates an unbroken continuous symmetry ([AQ,F]) = 0 , (3.10) 

for all local functionals F of the Euclidean held theory. A symmetry thus is unbroken if 
the expectation value of the graded commutator of every local functional with its generator 
vanishes. Since this holds for every local functional F, Eq. (13. 9 ft and Eq. (13.10ft may formally 
be viewed as requiring that, 

|A) = e _ * A<3 |vac) = |vac) or that Q|vac) = 0 , (3-11) 


for an unbroken symmetry. In the Euclidean theory Eq. (13.11ft is somewhat formal. Ac¬ 


cording to the reconstruction theorem jo , 10j, the action of a functional derivative operator 
(like the charge) on a state of the theory represented by the functional F, is given by 
Q\F) = [Q,F]|vac) = |[Q,F]). The vacuum is represented by the unit functional and thus 
Q|vac) = [Q,l]|vac) = 0 necessarily vanishes. However, the reconstruction theorem pre¬ 
sumes that the ground state is unique. In a theory with a spontaneously broken symmetry, 
the representation of the vacuum state by unity makes sense only for the restricted set of 
(invariant) physical observables jsj]. Eq. (13.9ft and Eq. (13.10ft do not require this restriction 
and allow us to discuss spontaneous symmetry breaking on the full space of all functionals 
of the theory. 

We require the theory to be translationally invariant. The ground state, |vac), is trans- 
lationally and rotationally invariant if, 


Pfj. |vac) = M„ v |vac) = 0 , 


(3.12) 
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in the sense (just discussed) that the expectation value of the commutator of any local func¬ 
tional with the canonical momentum or angular momentum vanishes. For 7 > 0, Eq. (13.8(1 
then implies that this vacuum is BRST variant, 

Q B |vac)^0, (3.13) 

because the expectation value of the commutator of Q B with [P M , u“ b {x)\ = d^CJ^x) does 
not vanish. 

In the sense of Eq. (13.911 . |A) = e _ * A< 3 s |vac) = |vac) + iXQ B \va,c) are (formal) states for 
which (A|P|A) = (vac|F|vac) for any physical observable F G W p h ys - We have that the 
expectation value of any BRST-invariant functional is the same in all these states, 

(A|F|A) = (vac|F|vac) + z(vac| [XQ Bl P] |vac) = (vac|F|vac). (3-14) 

This in particular holds for any BRST-exact functional F = sX and implies that BRST is 
spontaneously broken in any state |A) if it is broken in one of them. The horizon condition 
of Eq. (12.6(1 also is satisfied for all states |A) if it holds in one of them. 

However, the formal states | A) do not all have vanishing ghost number Qx and momentum 
P M . We have that (JjvjA) = —zAQ^Ivac) 7 ^ 0 and P M |A) = vac) 0 if |vac) has 

vanishing ghost number and satisfies Eq. (I3.12p . In particular, 

(A| I A) = (vacI [P^ujv] | vac) + iA(vac| {Q B , [P M , cJ“ 6 (x )]} |vac) 

= (vac| [P M , + i\{Q B ,uj“ b (x)}] |vac) + , (3.15) 

where we again used Jacobi’s identity as in Eq. (13.8(1 . 

Requiring that ghost number and translational symmetry remain unbroken thus con¬ 
strains the number of admissible vacua. Even though the parameter A here is anti¬ 
commuting, this is somewhat analogous to the spontaneous breaking of a global bosonic 
symmetry like 0(n ): O(n)-symrrietric functionals have the same expectation value for any 
degenerate vacuum, but only some of the vacua are invariant under subgroups of 0[n) that 
are not broken. 

In the following we assume that the GZ-theory has a (unique) ground state |vac) that in 
addition to Eq. (13.12(1 also satisfies, 

Qat I vac) = Q+lvac) = QI vac) = Q^|vac) = 0 , 


(3.16) 
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in the sense that the vacuum expectation value of the (graded) commutator of any functional 
with these charges vanishes. All other phantom symmetries apparently are spontaneously 
broken for 7 > 0. One of the more interesting unbroken phantom symmetries is generated 
by Qr^ci, defined in Eq. (1A.14I) . This symmetry arises due to the absence of a vertex 
containing c and u in £ gf and implies that any functional with a positive number of FP- 
ghosts, > #c, has vanishing expectation value. The c — cc-propagator of this theory thus 
vanishes. An unbroken Q/rsymmetry implies that the propagator of the auxiliary ferrni 
ghosts and of the FP-ghosts are related jj|, 

0 = ([QR,^a,ul c (x)^(y)]) A = 5 ac 8^(c\x)^(y)) A + i(ul c (x)u* a (y)) A , (3.17) 

where (.. ) A denotes the expectation value for a fixed background connection. 

B. Invariant Poincare Generators 

Since the generators of translations V^ do not commute with Qb and other phantom 
symmetries, it is not immcdiatly apparent that W p hys is closed under space-time isometries. 
We here show that it is. We also show this for rotations. 

In [sj we considered a Poincare algebra of operators that commute with the BRST charge 
Qb of Eq. (12.51) . The momenta of this invariant Poincare algebra are, 

V„ = V (i + 7 1/2 (Q^ - Qw) ■ (3.18) 

For 7 > 0, the V fI . do not simply generate space-time translations of the ghost fields. How¬ 
ever, the additional conserved charges are associated with internal color-singlet phantom 
symmetries. They are given in Eq. (1A.3I) and Eq. (1A.7I) of Appendix [A] 

The angular momenta of this invariant Poincare algebra similarly differ from the canonical 
generators of Euclidean rotations of Eq. (13.31) by phantom charges only, 

Qm,[1V- (3.19) 

The generators of internal S'0(4)-rotations of auxiliary ghosts, Qm^v, are given in Eq. (1A.10I) 
of Appendix [A] Note that the auxiliary fields of the model do not transform as vectors and 
that M.^ v in this sense does not simply generate rotations of Euclidean space-time even for 

7—^0. 













11 


The invariant generators satisfy a Poincare algebra of their own, 

[P^Pv] = 0 ; — S^vTx 

[M^M err] ^Imt-M-Xt ~ ^Ar-AT^cr + ^irM-Xa: (3.20) 

and are symmetries of the action S of Eq. (12.ip as well, 

[V^S\ = [M Xli ,S] =0. (3.21) 

More importantly, unlike the algebra of canonical generators of translations and Euclidean 
rotations, P, and a7„„, the invariant Poincare generators eonnnnte with all the charges of 
phantom symmetries of Eq. (11.21) defined in [3j, including the BRST charge Qb , 

[Qx, V v \ = [Qx,M\A = 0 for all Qx G 3 . (3.22) 

Note that Eq. (13.201) and Eq. (13.22ft imply that the phantom charges, 

P, = P,-P,= 1 1/2 (Q^ - Qw) = AV -= Qm^v , (3.23) 

commute with the invariant generators, V ' M and Af^, and form a closed internal Poincare 
algebra, 

[Pn, Pv\ = 0; [M-xii, P v \ = fixuPp ~ $iJ.vPx 
[Mx„M 

err] A/to-AIat — + VtAIao- ■ (3.24) 

An indication that these phantom momenta and angular momenta may be unobservable 
is that they are parts of BRST-doublcts. The M )W = Qm,hi> = {Qb,Qn,h v}, given in 
Eq. (1A.10I) . are exact and [Qb,P^\ = [Qs,Qy,/r] = —Qd> )A i as in Eq. (1A.4I) . Note that the 
momentum operators of the two Poincare algebras do not simply differ by a BRST-exact 
charge. 


C. Poincare symmetry of physical states 

In |3 : ] the physical states of GZ-theory are reconstructed from the physical observables 
F G Wphys given by Eq. (11.3ft . The Jacobi identity and Eq. (13.22ft imply that W p h ys is closed 
under the invariant Poincare symmetry generated by V u and 


F G W phys => [P„, F] G W phy s and [M^, F\ G W phys , 


(3.25) 
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since, for instance, [Q x , [P^F]] = [P M , [Q. Y , A]] + [F, [P^,Q x ]} = 0 for all F G W phy s and 
phantom charges Q x . Further, since invariant and canonical Poincare generators differ only 
by phantom symmetry charges that commute with F G W p h ys , the commutators of either 
Poincare algebra with physical observables are the same. The set of physical observables 
W p h ys thus is closed under translations and Euclidean rotations, 

[V,,.: F] = [Pp, F] G W p h ys and [M^ V1 F\ = [M^, F\ G W phys , (3.26) 


and space-time symmetries transform p 


rysical observables in W p h ys uniquely. 


By the reconstruction theorem (3j, [10] this translates into a space of physical states with 


well-defined momentum and angular momentum. Consider for instance a physical state 
| F) = F|vac) corresponding to a physical observable F G W p h ys - Using Eq. (13.12ft . an 
infinitesimal space-time translation changes this state by, 


F„|F) = (P„,F]|vac> = [F„,F]|vac) = |(P„,F]> , 


(3.27) 


which denotes a unique physical state. In this manner translations (and similarly Euclidean 
rotations) of space-time map the physical subspace of the theory into itself. The commu¬ 
tation relations of Eq. (13.20j) imply that these maps form representations of the Poincare 
algebra. Space-time transformations thus are uniquely realized on the physical Hilbert space 
of the model. 


4. THE ENERGY MOMENTUM TENSOR 

It is instructive to investigate the conserved currents associated with space-time symme¬ 
tries of this model. From the foregoing we expect to find two linearly independent conserved, 
symmetric and local energy momentum tensors: the Belinfante tensor, T^(x), that couples 
to a gravitational background and a physical observable, T IJiy (x), that is invariant under all 
phantom symmetries. 


A. The physical energy-momentum tensor TA 

The physical symmetric energy momentum tensor of the theory was derived in {sj] . 
in Faddeev-Popov theory it takes the form, 


As 


T = T ym + s" 


(4.1) 
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where T™ is the (phantom-invariant) energy-momentum tensor of classical Yang-Mills the¬ 
ory, 

T™ = F, k ■ F vk - S -^F Xk ■ F Xk . (4.2) 

The additional BRST-exact contribution to of the GZ-theory is jfjj], 

• Ap T • Dpip K 7 TrZl^ca^] Y [p. ( ) v\ 

~^p(id x c • A a + d x uj K ■ D X (p K - y 1/2 Tr D x u x ) (4.3) 

with 

{Qbi } [idfib • A v id^,c • D u c Y ■ D u (p K O^uj^ • ( D u ui k Y D v c x Y«a) 
YTr 7 1 / 2 (D M ^ - D^p - D,c x u v ) - \5^{2 7 (7V 2 - 1) Y £ gf )] Y [fi u\ . (4.4) 

In j^] we found that sZ^p commutes with all phantom symmetry charges and thus, 

T™ e W phys and sZ^ <= W phys . (4.5) 

If the hypothesis of Eq. (11.4^ formulated in holds, according to which the expectation 
value of any BRST-exact observable of W p h ys vanishes, the invariant energy-momentum 
tensor v = T™ + sZ^ u of GZ-theory is physically equivalent to Tj v M . Although we 
cannot prove the hypothesis in general, the expectation value, (sS) was found Q] to vanish 
when the horizon condition of Eq. (12. 6 p is satisfied, 

(sZ^p) = 5 fl p^—^ L 'y 1/2 (^Ti[D K (if K - <p K ) -Cj k x D K c\ - 7 1/2 d(Y 2 - 1)) = 0 . (4.6) 

It is remarkable but physically plausible, that the BRST-exact contribution to the energy- 
momentum density of the vacuum vanishes only when the horizon condition is satisfied and 
the effective action is stationary. In this result was used to relate the trace anomaly of 
the GZ-theory at the one-loop level to the trace anomaly of Yang-Mills theory. The latter 
implies 7 > 0 and the associated spontaneous breaking of phantom symmetries. 

sZ^p e W p h ys and sT G W p h ys , are two examples of BRST-exact observables whose 
expectation value was explicitly shown to vanish)^. If the hypothesis that the expectation 
value of any physical BRST-exact observable in W p h ys vanishes holds true, one recovers the 
same space of physical observables in GZ-theory as in perturbative Faddeev-Popov theory. 
GZ-theory in this case is a particular quantization of YM-theory. 

However, since the vacuum state as well as the EM-tensor of this theory are not unique, 
we need to show that the vacuum of GZ-theory has a well-defined energy-momentum density. 
Not so surprisingly anymore, this requires the horizon condition to be satisfied. 
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B. The energy-momentum tensor of Belinfante 


In Eq. (14.4p the auxiliary ghosts do not transform as vectors in a gravitational back¬ 
ground. The energy-momentum tensor of Belinfante may be derived by coupling to a 
gravitational background in a manner that preserves the general covariance of the model 
also for 7 > 0. The calculation is straightforward but lengthy and has been relegated to 
Appendix [B] The conserved and symmetric EM-tensor T pu of Belinfante for the GZ-theory 
one obtains is, 

(4.7) 


where A^ w (x) is itself a symmetric and conserved current, 


= 


7(77" — l)^i/ + d K (H Kfll/ + H kv h — H^ uk ) + (4-8) 

+ 7 1 / 2 Tr [\5^d K (v K - (p K ) - + D^(p v + x D v c\ + [// -H- u] , 


with 


= \[<Ph- D u <p K + • (ip K x D u c ) - 07 , • D u uj k - d„(pn ■ <p K + ■ uj K \ (4.9) 

The contributions H^ UK arise because the auxiliary ghosts of the model canonically transform 
as vectors under Euclidean rotations. This difference of Eq. (I4.8[) to the physical EM-tensor 
therefore does not even vanish for 7 = 0 . 

We show in Appendix iBl that the divergence d v A tlv is proportional to equations of motion 
of the unphysical fields of the theory and thus vanishes on-shell. The canonical energy 
momentum tensor of Belinfante as well as the physical one are thus conserved on-shell. 
However, the Belinfante energy-momentum tensor does not commute with a number of 
phantom symmetry charges, and in particular does not commute with the BRST charge 
Qb- It thus is not a physical observable of the theory. (T /liy ) nevertheless, by definition, is 
the response to a change in the (classical) gravitational background. 

The vacuum energy-momentum density in fact is well defined, since 

(A^) = ^p[ 7 1/2 Tr {D K <p K + u> K x D K c) + 7 d{N 2 - 1)] = = 0 , (4.10) 

when Eq. (12. 8 p is satisfied. If the horizon condition holds, we thus have that, 

(?„„} = <T„„> = <T™> , (4.11) 

and the vacuum energy-momentum density is well defined in this theory. 


3 See the derivation in 


or simply note that for 7 = 0 they contribute to T^ u as scalar fields. 
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5. WARD IDENTITIES FOR T /w AND M A/1I/ 


The symmetric physical energy-momentum tensor T MJ/ , given by Eqs. (14.1114.21 J4.3p . pro¬ 
vides non-trivial Ward identities for gauge-invariant and therefore physical correlation func¬ 
tions. In this section we derive and explore these basic physical Ward identities of the 
theory. 

The divergence of T^ u depends linearly on the equation of motion Rearranging terms 
one obtains the identity 

d^T^x) = -g u (x)S, (5.1) 


where Q u (x) is the differential operator 


9 u(x) = d v A 


p 


SA, 


- d„ A, 


+ o u b • — + d v c ■ — + d v c ■ — 

be 


n " SAJ ' 6b ' 6c 

^ 5 - 5 5 _ 5 

+O v U}fj, ■ — -h Oi/Wji • —-h Ovipfj, • — -h UyiPn ■ 7—— 

6 6 6 . 6 


+ 7 1/2 Tr ^ 


TT-7- 

bifiy btfy bb be 


The first two terms of Q u (x) may be rewritten, 


^ ' 8A, 


d »\ A "- b Al 


= f ■ _ 

Ufl 8A h 


A ‘-' D “SA, 


(5.2) 

(5.3) 


Note that for 7 = 0, the terms of Eq. (15.2p (except for the total divergence d M yAyj^-j ) all 
generate a space-time translation of the fields. 

To arrive at a Ward identity, we insert the classical relation of Eq. (15.1ft into a matrix 
element, 

{O d /J T IJ y(x)) = - (O g v (x)S) = j d$ O g v (x) exp(-S') , (5.4) 

where O is a generic functional of the fields. Functional integration by parts then gives the 
Ward identity, 

(O dMx)} = - (Qy(x)O) . (5.5) 


Because the energy-momentum tensor is symmetric, T^ v = T„ M , the angular momentum 
current, 

= XxT llu - XyTxv, (5.6) 

satisfies 

d v M Xlw = x x d v T llv - x^dyTxv ( 5 . 7 ) 
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By the same reasoning as before, this gives the corresponding Ward identity 


(O d v M Xfl u(x)) = - {(xxQfj.ix) - Xfj,gx{x))0) . (5.8) 


To obtain an identity among physical quantities only, consider Eq. (15.5ft for an observable 
O = I {A), where 7(A) is a gauge-invariant functional of the gauge-connection A only, 
7(74) = 1(A). Eq. (15.5ft for this special case simplifies to, 

(1(A) = (f,„ ■ , (5,9) 

since the contribution from the second term of Eq. (15.3p vanishes, because 1(A) is gauge 
invariant and — o. Decomposing the invariant energy-momentum tensor into the 

classical one of Yang-Mills and the BRST-exact contribution E jJV of Eq. (14. ip . one finally 
has, 

(1(A) d„T™(x)) + (s(I(A) <9„H^)> = (f^x) ■ S ~j^(x)\ ■ (5.10) 

Note that Eq. (15.10p uses that anti-commutes with the phantom symmetry Qq,h and 

that G Wphys is an invariant operator and thus, 


v [ 7 {Q Bi 

= {Qb , [PujZ-hu]} + {[Ph,Qb\,Z‘hv} 


= sd. 




-7 l/2 {Qcj,^»v} 


= sd. 


linin' 


(5.11) 


The first line of Eq. (15. lift expresses d^sE lw in terms of functional derivative operators. 
The second is Jacobi’s identity and Eq. (13.7ft then gives the third line. The final result in 
Eq. (15.lift uses that S^, given by Eq. (14.3ft . anti-commutes with the phantom charge Qq^. 
Since Wphys is closed under translations and sE )W e W p h ys , we have that d tl sE llu = sd tl E flu e 

Wphys- 

According to the hypothesis of Eq. (11.4ft . the expectation value of the BRST-exact phys¬ 
ical observable in Eq. (15.10ft vanishes (just as in perturbative Faddeev-Popov theory). We 
conclude that gauge invariant physical operators 7(A) = I( 9 A) satisfy the Ward identity, 

(1(A) d„T™(x)) = (f, u (x) . (x) , (5. 12 ) 

that involves gauge-invariant observables only. Let us now use an entirely different approach 
to derive the same physical Ward identity. 
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A. An alternate direct point of view 


A simple calculation of the divergence of the gauge-invariant Yang-Mills part of the 
energy-momentum tensor of Eq. (14.21) yields, 

r cYM 

d lt T™ = F lu ,- lx -. (5.13) 

Decomposing the total action of Eq. (12. ip in S = S YM + S gf one may rewrite Eq. (I5.13p as, 

a 7 ™ + F ^f--F 47 IKU) 

Because A gf is BRST-exact and because Qb commutes with F^ v ■ the second term of 
Eq. f!5.14p is a BRST-exact expression, 

5S gi 

F, lu ■ (5.15) 

where 


^ ■ (id^c + ^x d^ux) + 7 1/2 Tr ^ x 

sK = Ffu, ■ [id^b T (p\ x d^x +wjx d^ujx + (id^c + tp A x d^x) x c] 

+ 7 1/2 Tr \{fp- Vy) x F ^ w -u^x (c x F^)\ . (5.16) 


We here used that sF^ = — c x F^. This gives, 

SyT™ + S E„ = ■ 47. (5.17) 

Inserting this identity into a matrix element with the generic functional O and performing 
the partial functional integration, 


of .47\J F 

SA,(x)/ Y“- 

one obtains an alternate form of the Ward identityj, 


60 \ 
SA^x)/ 


(5.18) 


(O d„T™(x)) + (O S E„(x)> = ^ F„„ • . (5.19) 

For Eq. (15. 5 p and Eq. (15.19P to be valid for any (not necessarily physical) functional O, we 
must have that, 

s s 

sT, v (x) = S(d/jEpv + Q u (x)S + F^ • . (5.20) 

oAu ( X ) 


4 Note that Eq. (15.1911 is derived without calculating or even identifying the complete energy-momentum 
tensor T^ v . 
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Explicitly verifying Eq. (15.20)1 is straightforward, if tedious. It is more interesting to consider 
Eq. (15.1911 for a gauge-invariant physical observable O = 1(A) = I( 9 A). The Ward identity 
in this case takes the form of Eq. (I5.12jl except for the BRST-exact term, 

(i(A) a„ryV)> + £„» = (f,„(x) ■ s -jA(x)) - ( 5 . 21 ) 

To be consistent with Eq. (15. 12)1 . the expectation value of the BRST-exact functional in 
Eq. (15.2111 must vanish. This is compatible with the hypothesis of Eq. (11.411 . because sE,, 
is itself a (BRST-exact) physical observable that commutes with all phantom symmetries]^] 
sEj, G Wphys- 


6. DISCUSSION AND CONCLUSIONS 

In this article we demonstrated that energy, momentum and angular momentum are well- 
defined symmetry generators on the space W p h ys of physical observables defined in Eq. (I1.3jl 
and on the associated physical Hilbert space. We related two linearly independent Poincare 
algebras of conserved charges: the set of generators of space-time symmetries {V^, M.^} 
given by Eqs. (l3.lH3.4p that do not commute with the BRST-charge Or and other phantom 
charges, and the set of invariant generators that do, {P^, A4 pi/ } of ]3]. The two Poincare 
algebras differ by the phantom charges given in Eq. (13. 18ft and Eq. (13.19)1 and therefore 
transform any physical observable F G W p hy S in the same way. We showed that the space 
of physical observables W p h ys is closed under isometries of Euclidean space-time and that 
these symmetries are uniquely generated on W p h ys - 

The Hilbert space of the theory is reconstructed from the physical observables of W p h ys - 
With a non-vanishing Gribov parameter 7 7 ^ 0, the ground state of the theory breaks 
the BRST-synmietry spontaneously but remains translationally and rotationally invariant. 
Space-time transformations act uniquely on the reconstructed invariant Hilbert space as 
in Eq. (|3.27jl . The vacuum breaks a number of phantom symmetries spontaneously, but 
has vanishing ghost number and is colorless. The Qr^ of Eq. (1A.14I) generate interesting 
unbroken phantom symmetries, that ensure (see Eq. (13.17)1 4 the equality of auxiliary fermi- 
gliost and Faddeev-Popov (FP) ghost propagators for any background connection. 

5 To see this note that in Eq. (15.151) . the gauge-fixing part of the action S gl £ Wphys- The only phantom 
charges that do not commute with A u and are the generators of rigid gauge transformations Qc given 
in Eq. (1A. Ill) and the nilpotent BRST-charge Qb of Eq. (12.51) . Both evidently leave sT ,„ invariant. 
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Corresponding to its two Poincare algebras, the theory has two linearly independent 
conserved symmetric EM-tensors: that of Belinfante, of Eq. (IB. 1211 . which couples to a 
gravitational background but does not commute with all phantom charges (also not BRST) 
and another, T^ u , invariant under all phantom symmetries (including BRST). The two differ 
by the symmetric tensor A ^ given in Eq. (H.Sjl . The latter is conserved up to equations of 
motion of unphysical fields. 

It was found, Eq. (14.101) . that (A^) is proportional to the expectation value of a BRST- 
exact density that vanishes ^j, courtesy of the horizon condition, provided the symmetry 
generated by Qr^q. is unbroken. The vacuum energy-momentum density of the GZ-theory 
in this sense is well-defined even though its BRST-symmetry is spontaneously broken. 

In support of the hypothesis of Eq. (II.4f) . the criterion of Eq. (12.711 was used in [s| to prove 
that the BRST-exact parts of the invariant energy-momentum tensor T^ v and of the action 
S have vanishing expectation value. Although we cannot prove the hypothesis Eq. (11.4ft 
at present, we have found no evidence to the contrary. The GZ-theory thus is a candi¬ 
date for a consistent quantization of classical YM-theory despite its spontaneously broken 
BRST symmetry. The hypothesis in particular implies that gauge-invariant observables sat¬ 
isfy the same physical Ward identity with the Yang-Mills energy-momentum tensor as in 
perturbative Faddeev-Popov theory. 

The hypothesis of Eq. (11.411 may be correct but too restrictive. Indeed there are exam¬ 
ples of BRST-exact operators that are not in W p h ys , whose expectation value was explicitly 
shown to vanish B. Although not — tot the con Sls tenc y ot the theot y , a leSS teattic- 
tive algebraic characterization of BRST-exact operators whose expectation value vanishes 
is desireable. However, we have not been able to algebraically distinguish between the op¬ 
erator sTvD^oj u (x), whose expectation value vanishes, and sTrc^yY (x) with non-vanishing 
expectation value. 

In summary, the Gribov mass parameter 7 > 0 and associated mass gap of the GZ-theory 
arise from the spontaneous dynamical breakdown of global symmetries as in other models 
without an explicit low-energy (mass) scale. The corresponding gap equation is the horizon 
condition of Eq. (12.611 . The spontaneously broken symmetries in this theory are unphysical in 
the sense that all observables are invariants. The breaking of these phantom symmetries dif¬ 
fers from a conventional Higgs mechanism in that some of the broken symmetries (including 
BRST) are fermionic. Despite the broken BRST symmetry, we End that this construction 
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is surprisingly consistent. We have a symmetric energy momentum tensor T^ u that is a 
physical observable, and the corresponding charges generate space-time isometries on the 
subspace W p hy S of physical observables and on the associated reconstructed physical Hilbert 
space. Poincare symmetry is recovered in the physical sector of this theory, even though the 
canonical generators of translation of Eq. (13. 1 jl do not commute with the BRST-charge Qb- 
We speculate that the non-perturbative quantization of a non-abelian gauge theory main¬ 
tains translational invariance and BRST symmetry in the physical sector only. A non-trivial 
commutation relation between the BRST-charge and the momentum, like Eq. (13.7p in the 
GZ-theory, implies that the ground state either is not translationally invariant or breaks 
BRST (see Eq. (13.81) ). The GZ-quantization breaks BRST symmetry spontaneously but 
maintains translational and rotational invariance. Lattice regularization apparently explores 
the complimentary scenario of strictly maintaining gauge symmetry at the expense of man¬ 


ifest Poincare symmetry. On the lattice there is no global BRST-symmetry t 
lattice symmetries jll] as well as the compactness of the structure group 12 


lat respects 


13]. Con¬ 


straining configurations of a lattice gauge theory to the fundamental modular region by, 
for instance, selecting a maximal tree of specified link variables, even breaks the discrete 
translation and hypercubic symmetries. This also holds for any gauge of non-vanishing 


degree 


14j. Gauge-invariant correlators of course do not depend on the selected maximal 


tree and the explicitly broken Poincare symmetry of the lattice gauge theory presumably is 
restored in the continuum limit for gauge invariant observables. The regularized GZ-theory 
on the other hand maintains Poincare symmetry but breaks BRST spontaneously. However 
we found support for the hypothesis of Eq. (11.41 that BRST is regained where it counts [3], 
and that expectation values of BRST-exact physical observables of W p h ys indeed vanish in 
the continuum theory. 


Acknowlegements: MS would like to thank members of the physics department of New 
York University for their hospitality. 


Appendix A: Some Phantom Symmetries and their Generators 


Phantom symmetries by definition [3| are unobservable continuous symmetries Any ob¬ 
servable of the theory commutes with all phantom charges. We denote charges and gener- 
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ators of phantom symmetries by Qx, with the subscript X identifying the symmetry. For 
reference we here collect the generators of phantom symmetries used in this article. We refer 
the interested reader to J3J] for the definitions of all the phantom symmetry generators in 
the set, 


h { Qb , Qj\[, Q +1 Qip,fi, Qu,fi, Qgi Qci QnLi Qc.1 Qr,HO,i Qs,fia, Q E,fiv ab , QF,fiuab, Qu,[ibi Qv,fib } • 

(A.l) 

The most important of the phantom symmetries is BRST. It is a nilpotent symmetry 
generated by the fermionic charge Qb given in Eq. (12.51) . Nilpotency means that the BRST 
charge anticommutes with itself, 


{Qb, Qb} — 0 (A.2) 

as can be verified using Eq. (12.51) . All physical observables are expected to be BRST- 
invariant. Although it governs the structure and renormalizability of a gauge theory, the 
BRST symmetry is fundamentally unobservable and thus the most prominent phantom 
(symmetry). Together with the ghost number, Q^f, Qb forms a BRST-doublet. It turns out 
that all phantom symmetries are BRST-doublets. 

Contrary to Faddeev-Popov theory in Landau gauge, GZ-theory does not appear[] to 
possess a nilpotent anti-BRST charge that (anti-)commutes with Qb nor an SL(2,R) sym¬ 
metry [s|. 

The Poincare algebra of phantom charges of GZ-theory arises due to invariance of Eq. (12.2ft 
with respect to internal shifts and rotations of auxiliary fields. The variation = e^ 
with constant = 0 is one of them. This shift is generated by, 

Qv,n = [ d d x Tr—. (A.3) 

The commutator of Q^ tfl with the BRST charge Qb o f Eq. (12. 5 j) gives the associated 
phantom charge, 

d d x Tr—, (A.4) 

OUJ 

and (Qp tll , Qu,fj,) are a BRST-doublet of color-singlet charges. Note that invariance of physi¬ 
cal operators under Q B and Qo,^ implies their invariance under Qs + a^Q^^ for an arbitrary 
constant vector a The choice of origin in the definition of the BRST-charge Qb in Eq. (12. 5 j) 
thus is of no import for operators that commute with the phantom symmetry generator Q^ >fl . 



6 We at least could not find the corresponding generators. 
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For transverse configurations, <9 /t A /t = 0, the GZ-action of Eq. (12.ip by inspection also is 
invariant with respect to the shift 8uj\ = 6^8% . This color singlet phantom symmetry is 
generated by the charge, 

= J d d x q M , (A.5) 

with the density, 


c\u = Tr 


8 8 1 
+ VjJ m X — 


8co 


8b. 


The BRST-variation of is, 

sQui,i± { Qb, = I d x p^ 


with the density, 


P/i = = Tr 


7 - iup x 

Lo^/i 8b 


8 _ 

8c. 


(A. 6 ) 


(A.7) 


(A. 8 ) 


(Qu,n, Qip tf i) thus is another BRST-doublet of color-singlet phantom generators. 

Finally, at 7 = 0, £ gf evidently is invariant under the internal symmetry 8u^ b = 
e ij.v l Pvbi = e i-u'^vb with antisymmetric e /JU = —e Ufl that rotates anti-commuting and 
commuting auxiliary helds into each other. This phantom (super-)symmetry persists for 
7 > 0 in an extended form generated by, 


Qn,/u/ — I d x 


Vv ■ 


8oj,. 




+ 7 1/2 x M q v 


[h O v\. 


(A.9) 


The BRST-variation of Qn,hv in Eq- (IA.9I) gives the generators of an internal 0(4) symmetry 
of the auxiliary ghost, 


Qm,iiu {Qb,Qn,iii/} — I d X 


8 


-V + 7 7 %n{Pv ~ Tr 7—) 


[h ** v\ 


(A. 10 ) 


with densities s ^ and given in Eq. (13.41) and Eq. (IA. 8 I) respectively. 


In the GZ-theory, rigid color rotations are imbroken and generated by 
Qc = = [ d d x 


■8 8 _ 8 , 8 8 8 

A/J, X —-hex —-hex — + 6 x — + ip^a x —-h Vila X y— — 

oA n oc oc 00 dip 


i/2 no yj /2a 

+ ^ x + + • < A ’ n) 


8u° 


M A 1 M 

Faddeev-Popov theory in Landau gauge and GZ-theory share the remarkable prop¬ 
erty 


151 ]. that the color charge Qc is BRST-exact. With the BRST-charge of Eq. (I2.5p we 


have that 


Qc ~ {Qb, Qg } ) 


(A.12) 
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where 
Qg = 


j d d x 

5 5 

5 

s 

a ~ 5 

a ~ 5 

~Tc + c x si + ^ x 

c ^fj,a ^ 


+ <^“x — 

+ u;“x-— 


. (A.13) 


The pairs ( Qq , Qq) thus are BRST doublets. 

The GZ-theory in addition possesses a set of phantom symmetries in the adjoint that mix 
auxiliary vector ghosts with FP-ghosts. Inspection of £ gf in Eq. (12. 2 j) reveals the invariance, 
Sc a = = £fj,bC a . This phantom symmetry is generated by the charges, 


Qn,fia = / d d x[c ■ 


5 5. 


(A. 14) 


of vanishing ghost number. We believe these to be unbroken phantom symmetries. Commut¬ 
ing with the BRST-generator Qb reveals another set of phantom generators in the adjoint 
representation, 

5 5 


Qs,fia \QB ■ Qr,/j,o\ / d x[ 2 (c X c) 


5u tI 


+ c- 


4-^4 ] ’ (ai6) 


J i±a d'-p/ia 

which are readily verified to commute with the GZ-action of Eq. (12.ip . 

For the definition of the other phantom charges of Eq. (1A.1D and a more complete dis¬ 
cussion we refer the interested reader to Appendix A of 3] . 


Appendix B: The canonical EM-Tensor of the GZ-model 


We here compute the canonical EM-Tensor of Belinfante from the action S of Eq. (12.IK 
written in general coordinates. To simplify some manipulations and for bookkeeping pur¬ 
poses we introduce contra- and co-variantly transforming vector fields and a manifestly scalar 
(graded) BRST-transformation sqF = [Qo,F]± by, 


Qo = Qn | 7=0 = j d d xyf=g 




[C X c) 


5 r. 6 

Tc + b 'Tc + ^ 


5 




+ 


5 




(B.l) 


Although nilpotent, Q 0 does not generate a symmetry]] of the GZ-action for 7 > 0, but 
contrary to Qb of Eq. (12.51) . has the advantage of not depending explicitly on coordinates. 


' We merely use Qo to facilitate calculation of the canonical EM-tensor. In this article we consider only 
exact symmetries of the action and are no 
explicitly (albeit softly) broken symmetry 


exact symmetries of the action and are not otherwise concerned with this operator, which generates an 

6, 7, 3- 
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In terms of So, the gauge-fixing part of the GZ-action of Eq. (j2.2[) in general coordinates 
may be written, 

£ g f = Tv(g^D^) - 7 V^(N 2 - 1) + s„*o , (B.2) 


with 

= yTg{ig^{d,c) • A v + QW ■ - y 1 / 2 Tr (A, x cA)} . (B.3) 

Note that (p b a = s 0 w£ ia are covariantly transforming auxiliary vector ghosts, whereas o;“ 6 = 
Sotransform contravariantly. These assignments are compatible with Qo in Eq. (IB.Hi 
under coordinate transformations [soZl M = D p c is similarly compatible]. However, So is not 
a symmetry of the action and a part of £ gf is not s 0 -exact. 

The covariant derivatives 0 of Eq. (IB.311 are defined as, 


= gVp -^ + rT> pa 

(D^ b ) a = <p a 0. v + (A„ X g> pb ) a = ip a ^ v + (A, X VnbY - K^ a pb 


with a Christoffel symbol, 


r — 2 g p + g<rv, P g P u,o-) > 


(B.4a) 

(B.4b) 

(B.5) 


that is symmetric in its lower indices. [g pu - p = g pViP - gua^ pp - 9 p <j^I p = 0.] 

Let us first obtain the contribution SqE pu to the energy-momentum tensor arising from 
the term s 0 To in £ gf of Eq. (1B.2|) . where ’E tiv is defined in Eq. (IB.9(1 . We wish to compute 
T 0 for, 

g ta '{ X ) = rT + 2e^(x), (B.6) 

to leading ordeilj in the deviation from the metric g pi/ . To this order we have, 


9 P u ~ 9 P u 2e pi , (B.7a) 

V=g ~ 1 - e ,iv ri pu (B.7b) 

~ A/ - ■ (B.7c) 


Following convention 



covariant derivatives in this Appendix are denoted by a semicolon and partial 


derivatives by a comma, that is = V K X M , X MiK = d K X^. 

9 A k B here means that expressions A and B coincide to leading non-trivial order in e flv . By taking the 


leading deviation from the Minkowski metric to be 2e p „ we avoid a proliferation of factors 1/2. 
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To leading order, indices in terms proportional to e have here been ’’pulled” by the space- 
time independent Minkowski metric r] /w . Inserting the expressions of Eq. (IB.71) in Eq. (IB.dll 
one obtains that to leading order in e pi/ , 


O pa ’ u ** a# 0 ’" + 2 e vp u^ p - (e^’ p + 


-P^,u 


s pv *) cu a 


pb 


(Dvipub) 11 « ip a pbu + (A v x ifp b ) a + (e P n,v + 


■pv,p '-pv,p. 


Vb 


pa 


(B.8a) 

(B.8b) 


With these expressions and those of Eq. (IB.71) . the terms proportional to e ^ of To are, 


T 0 « T 


9 iiv—Viiv 


e pu E pu with, 


^p,u 


, - Q \P 

1 ppu pup ) 


A^ + iC jy • Ap T]pu'i / C ^ * Ap -\- (G pU p + Gp 

+ uy u ■ Dpp 9 + a) p p • D u ip p - rj^ ( O p ’ a ■ D a ip p - y 1/2 Tr(A p x u> p )) 


where, 


Gfivp G;, pp 2 (^V ' Dy^Pp ^P,U ' ^Pp + ' Dp(pp 


OJ, 


U ,p 


9p) 


(B.9) 


(B.10) 


arises from the Christoffel symbols of Eq. (lB.7cj) associated with the vector auxiliary ghosts. 
With the covariant derivative of Eq. (IB.Sbl) . the contribution to the canonical energy mo¬ 
mentum tensor from the remaining terms of £ gf in Eq. (IB. 2 1) is, 

r]pvld{N 2 - 1) + 7 1/2 Tr [A p x ip v + A v x - r]p U (Ap x <p p )\ . (B.ll) 

Note that the total (covariant) divergence in Eq. (IB.2(1 does not contribute to the energy- 
momentum tensor. Adding a term — 7 1,/2 \/ — $ Tru) p to T 0 in Eq. (IB.3(1 for an explicitly 
(gauge-)covariant divergence does not alter the canonical energy-momentum tensor either. 
The canonical symmetric energy momentum tensor of the GZ-model thus is, 

= T™ + 7)^d(N 2 — 1) + 7 1/2 Tr [A p x <p„ + A„ x (p p - r]p U (A p x cp p )]+s 0 Ep U , (B.12) 

with E pi/ given in Eq. (IB.9(1 and s 0 generated by Q 0 of Eq. (IB.IK . 

The canonical energy momentum tensor of Eq. (jB. 12h differs from the invariant energy 
momentum tensor T pv obtained in (sj] and reproduced in Eq. (14.1(1 . To compute the difference 
efficiently, we rewrite the BRST-exact term of T pv as an so variation and a remainder, 

T pv = T™ + <5^7 (d - 2)(N 2 - 1) + 7 1/2 Tr [D v ip p + D p if v - 5 pu D K (p K } + s 0 S pi , . (B.13) 

The difference, A pv of Eq. (14.7(1 . between the canonical- and the invariant- symmetric 
energy momentum tensors of the GZ-theory thus is, 

Ap U = Tp U -Tp U = s 0 (Z fll ,-Z flu ) + 25p U 'y(N 2 -l)-'y 1/2 Tr ■ ( B - 14 ) 
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Written out explicitly, the first contribution is, 

so(‘—'/it' i —{G P v P “h G ppv (*iu/p) T 7 ^ Tr ^D p uj u -|- D v ujp Tj pb ,oj (B.15) 

= [{H pvp + H PfU/ - H^Y + 7 1/2 Tr(Dpipv + (D p c) x u v - \'n l u,<p p t p)] + [ft ++ v\ , 

with H pup defined in Eq. (j4.9[) and satisfying, 

$oGpup H pyp T H vpp . (B.16) 

If the canonical and invariant EM-tensors are both conserved, the divergence of their 
difference should be proportional to equations of motion of unphysical fields only. It is 
interesting to verify this explicitly. The definition of Eq. (IB.lOj) implies that, 


(Gpvp + G ppv — G pvp Y 1 ' — G pui f 1 ' — Y P ■ D„(f p — uj P)V ■ (f p )’ pu 

= (u p ■ d v (D„Vp) + Up ■ (A, x (pp) - ujY ■ ip p y p 
= (cu v ■ d p (D p ip p ) - ( D p d p Y) ■ tp P Y , 

and the divergence of A pi/ can therefore be written, 

A „,i" = s 0 (E„* - - T ‘/ 2 Tr d w tp* 


(B. 17) 


fLV 


= Tid v (s 0 [bj v ■ d p D p (p p - ( Dpd p uj v ) ■ ip p + 7 1/2 (Ai xu„ + D u uj p )] - 7 1/2 


n ,8S SS 

= d u {- - p p 


'8<p v 


Suj v 


R f SS 

= d v {(pp ■ - -h u p 



5S 

■Up - Y 

§Y 

,8S 

.SS 


l ~sE > 

SS 

ss 

c V' 

ow v 

8Y 


*S 


Su^' 

SS SS , 

+ 777 ) 


SY 8y 

^•^:) + 7 1/2 (Tr^ - p„S) ■ (B.18) 


8ip v p 8 uj v SY Suj^ SY 

Here we made use of the equations of motion of oj, (p, c and the Nakanishi Lautrup field b, 


8S 5S Q 1/2 8S SS . 

-— = -D w d Y , —— 7 = - d D u tp p + 7 1/2 H m x , — = -id A v , — = id D 
doj p SY Sb be 


c , 

(B.19) 


as well as those of p and u written in the form, 
5S 


5S 

SY 


= -s 0 D u d u Y + 7 1/2 W i x = — D u c x - D v d"Y + 7 1/2 kEx (B.20a) 

7 = s 0 d u D u p p - Y /2 D p cx =(D u c x p P Y + d v D u Up ~ l l,2 D p c x . (B.20b) 


Eq. (IB.181) shows that the divergence of the difference A pu = T pu — T pv of the canonical- and 
invariant- energy momentum tensors is proportional to equations of motion of unphysical 
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fields. Since we proved that the invariant EM-tensor, T fW . is conserved in [3], both energy 
momentum tensors are conserved onshell. Eq. (1B.18|) also shows that A pv is the conserved 
Noether current corresponding to the phantom symmetry generated by V M = Q$,n — Q 
Since A pv is a symmetric conserved tensor, the currents x p A pv — x v A pp are also conserved 
and correspond to the Noether currents of the symmetries generated by the phantom charges 
M piJ = Qm 4 w of Eq. (IA.10I) . 
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